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Gradient of a function
@ Let f: R” — R be a differentiable function.

@ The gradient of f is
of of \'
Vf— <8_)(1""78_Xn>
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Lagrange Multipliers Method
@ Let f and G be continuously differentiable functions from R” to R.
@ Define the surface S = {x ¢ R" | G(x) = 0}.
@ Assume VG #0on S.
@ For )\ € R, define the Lagrangian

L(x,\) = f(x) — AG(x)
@ Consider the maximization (or minimization) problem

max{f(x) | G(x) = 0}.
@ If the maximum is attained at some point xg, then at that point,

iL:O,foralli:1,...,n
8x,~

0
ﬁL_O
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

o f(x,y) =x*+y®+yand G(x,y) = x>+ y* — 1
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

o f(x,y) =x*+y®+yand G(x,y) = x>+ y* — 1
O L(X, ¥, \)=x24+y2+y - Ax®+y?-1)
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

° f(x,y)=x2+y?>+yand G(x,y) = x>+ y? — 1
O L(X, ¥, \)=x24+y2+y - Ax®+y?-1)
o ZL(x,y,\)=2x—2xA=0
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

f(x,y) =x?>4+y?+yand G(x,y) = x> + y?> — 1
Lx,y,\)=x2+y? +y - A(x2+y% 1)
@L(xy, A) =2x —2xA=0

L(xy,) 2y+1-2yA=0
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

f(x,y) = x*+y?+yand G(x,y) = x* + y* — 1
Lix,y,\)=x2+y2+y—ANx2+y2-1)
@L(xy, A)=2x—2x\=0

L(xy, A)=2y+1-2yA=0
mL(X’ya ):X2+y2_1:0
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X% 4+ y? =1.

o f(x,y)=x2+y?>+yand G(x,y) = x>+ y?> — 1
o Lx,y,\)=x2+y2+y—Ax2+y2-1)
QQL(xy, A)=2x—2x\=0

° L(xy,) 2y+1-2yA=0

omL(x,y, AN=x24+y>-1=0

@ \=1orx=0
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X2+ y2 =1,

f(x,y) =x?>4+y?+yand G(x,y) = x> + y?> — 1
Lix,y,\) =x2+y?2+y —A(x2+y2—1)
@L(xy, A)=2x—2x\=0
L(xy,) 2y+1-2yA=0
mL(x,y, AN=x24+y>-1=0
A=1orx=0
If A =1,then2y +1 — 2y = 0, which is impossible, so X # 1.
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Example

Find the extreme values of f(x, y) = x? + y? + y on the circle
X2+ y2 =1,

° f(x,y)=x2+y?>+yand G(x,y) = x>+ y? — 1

@ L(x,y,\)=x2+y2 +y—Ax®+y?-1)

QQL(xy, A) =2x —2xA=0

° L(xy,) 2y+1-2yA=0

omL(x,y, N=x2+y2-1=0

@ A=1orx=0

@ If A=1,then2y +1 — 2y = 0, which is impossible, so A # 1.
@ So, x=0,and y = +1.
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Example

Find the extreme values of f(x, y) = x2 + y? + y on the circle
X2 +y? =1.

@ So,x=0,and y = +1.
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Example

Find the extreme values of f(x, y) = x2 + y? + y on the circle
X2 +y? =1.

@ So,x=0,and y = +1.
@ Points of interest: (0,1) and (0, —1).

(Tarleton State University) Lagrange Multipliers 5/13



Example

Find the extreme values of f(x, y) = x2 + y? + y on the circle
X2 +y? =1.

@ So,x=0,and y = +1.
@ Points of interest: (0,1) and (0, —1).
@ f(0,1)=2and f(0,—-1)=0
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Example

Find the extreme values of f(x, y) = x2 + y? + y on the circle
X2 +y? =1.

@ So,x=0,and y = +1.

@ Points of interest: (0,1) and (0, —1).

@ f(0,1)=2and f(0,—-1)=0

@ The maximum value of 2 is attained at (0, 1).
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Example

Find the extreme values of f(x, y) = x2 + y? + y on the circle
X2 +y? =1.

@ So,x=0,and y = +1.

@ Points of interest: (0,1) and (0, —1).

@ f(0,1)=2and f(0,-1)=0

@ The maximum value of 2 is attained at (0, 1).
@ The minimum value of 0 is attained at (0, —1).
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Proposition
@ Let D C R".
@ letf: D— R.

@ If xp is an interior point of D, f is differentiable at xp, and f has a
global or local max/min at xg, then

Vf(Xo) =0.
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y2 <A1,
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).
@ Need to find critical points in the interior.
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).
@ Need to find critical points in the interior.
e Vf(x,y)=0

» 2x =0
»2y+1=0
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y?2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).
@ Need to find critical points in the interior.
e Vf(x,y)=0

» 2x =0
»2y+1=0
1

@ Only critical point is (0, —5)
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y?2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).
@ Need to find critical points in the interior.
e Vf(x,y)=0

» 2x =0
»2y+1=0

@ Only critical point is (0, —%)
o £(0,1) =2, f(0,—1) = 0, and £(0, —1) = —1.
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y?2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).

@ Need to find critical points in the interior.
e Vf(x,y)=0

» 2x=0

» 2y+1=0

@ Only critical point is (0, —%)
e f(0,1)=2,f(0,-1)=0,and f(0,-%) = — 7.
@ The absolute maximum value of 2 is attained at (0, 1).
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Example

Find the extreme values of f(x, y) = x2 + y2 + y on the disk
X2+ y?2 <A1,

@ Points of interest on boundary: (0,1) and (0, —1).

@ Need to find critical points in the interior.
e Vf(x,y)=0

» 2x=0

» 2y+1=0

@ Only critical point is (0, —%)

e f(0,1)=2,f(0,-1)=0,and f(0,-%) = — 7.

@ The absolute maximum value of 2 is attained at (0, 1).

@ The absolute minimum value of —} is attained at (0, —3).
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Partial Derivative Vector Notation
@ Letx e R™and y € R".

@ Consider a function f(x, y), thatis, f : R™" — R.

@ Define
D (o oty
ox  \oxy' " Oxm

ﬁf_(ﬁ ﬁ)'
oy \oy1" " Oyn
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Partial Derivative Vector Notation
@ Letx e R™and y € R".

@ Consider a function f(x, y), thatis, f : R™" — R.

@ Define
0, (of oy
ox  \oxy' " Oxm

3f_(5f 3f>'
oy \oy1" " Oyn

Examples
@ Let Ac R™" x e R™ and y € R".

O .

axxAy_Ay
0 / A
—ayxAy_Ax
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@ Let Ac R™"" x € R™ and y € R".

o .

XY=
0 / A
8yXAy_AX

o If ¥ € R™"is symmetric, then

3x’Zx =2¥x
15)4

@ Special cases: If x, y € R", then

9
gx’y:x
oy
2x’x: 2x
OX
9/13
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1
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Example

@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1
@ Lagrangianis L(x,\) = X’Tx — A(x'x — 1)
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1
@ Lagrangianis L(x,\) = X’Tx — A(x'x — 1)
°

3}
8—XL(X, A)=2Xx—-2X\x=0
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1

@ Lagrangianis L(x,\) = X’Tx — A(x'x — 1)

° 0

8—XL(X, A)=2Xx—-2X\x=0

X = AX
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1
@ Lagrangianis L(x,\) = X’Tx — A(x'x — 1)
°

3}
8—XL(X, A)=2Xx—-2X\x=0
°

X = AX
@ Also, X’x =1, s0 x # 0, so x is an eigenvector of ¥.
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

@ f(x)=x"Xxand G(x) = x'x — 1
@ Lagrangianis L(x,\) = X’Tx — A(x'x — 1)
°

3}
8—XL(X, A)=2Xx—-2X\x=0
°

X = AX

@ Also, X’x =1, s0 x # 0, so x is an eigenvector of ¥.
@ The maximum value is
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Example
@ Let X € R™" be a symmetric matrix.
@ Show that

max{x'Ix | x'x =1}

is attained at an eigenvector of . Show that the maximum value
is the corresponding eigenvalue.

X = AX

@ Also, xX’x =1, s0 x # 0, so x is an eigenvector of X.
@ The maximum value is

X'Ix =x"dAx =\
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Proposition
@ Let D C R".
@ Letf:D—R.

@ If xg is an interior point of D, f is differentiable at xo, and f has a
global or local max/min at xg, then

Vi(x) = (%f(xo) =
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@ Letfand Gk, k =1,..., K be continuously differentiable functions
from R to R.

@ Define the surface S = {x ¢ R" | G{(x) = --- = Gk(x) = 0}.
@ Assume VGi # 0 on S for all k.
@ For \q,..., Ak € R, define the Lagrangian

L(x,A) = f(x) — MGy(x) — - - — Ak Gk(X)

@ Consider the maximization (or minimization) problem

max{f(x) | Gi(x) = --- = Gk(x) = 0}.
@ If the maximum is attained at some point xgy, then at that point,
iL:O,foralli: 1,...,n
8X,'
iL—Oforallk—1 K
a)\k - ) - AR
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