
Math 5366 Notes
Logistic Regression

Jesse Crawford

Department of Mathematics
Tarleton State University

(Tarleton State University) Logistic Regression 1 / 18



Linear Regression

Yi = β1Xi1 + · · ·+ βpXip + εi , for i = 1, . . . ,n.

Post-testi =β1 + β2Pre-testi + β3MathSATi + β4VerbSATi

+ β5HSranki + β6Clickersi + β7GroupWorki

+ εi , for i = 1, . . . ,140.
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Linear Regression

Yi = β1Xi1 + · · ·+ βpXip + εi , for i = 1, . . . ,n.

 Y1
...

Yn

 =

 X11 · · · X1p
...

...
Xn1 · · · Xnp


 β1

...
βp

+

 ε1
...
εn



Y = Xβ + ε
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Logistic Regression Models

Output variable Y is dichotomous (Yi = 0 or Yi = 1)

Example: Y = Student Retention

gi = Xiβ = β1Xi1 + · · ·+ βpXip, for i = 1, . . . ,n.

P(Yi = 1) = πi =
1

1 + e−gi
, for i = 1, . . . ,n.
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Example in R

True Model

gi = −3 + 0.06Xi , for i = 1, . . . ,100000.

X=runif(100000,0,100)

g=-3+.06*X
Pi=(1/(1+exp(-g)))

U=runif(100000)
Y=(U<Pi)*1
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True Model

gi = −3 + 0.06Xi , for i = 1, . . . ,100000.

model=glm(Y~X,family=binomial)
summary(model)
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Maximum Likelihood Estimation

Likelihood function

L =
n∏

i=1

πYi
i (1− πi)

1−Yi

Likelihood equations

n∑
i=1

Xij(Yi − πi) = 0, for j = 1, . . . ,p.

Maximum Likelihood Estimator: β̂
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Estimating g and π

β̂ = Maximum Likelihood Estimator for β

ĝi = Xi β̂ = β̂1Xi1 + · · ·+ β̂pXip, for i = 1, . . . ,n.

π̂i =
1

1 + e−ĝi
, for i = 1, . . . ,n.
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Plots

A Linear Regression Scatterplot
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Plots

Y vs. X (Not very useful).
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Plots

π̂ vs. X
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Plots

ĝ vs. X (Best plot for assessing functional form)
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Plots

ĝ vs. X (Best plot for assessing functional form)
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Model Deviance and Aikake Information Criterion

Deviance = −2 ln(L) = −2
n∑

i=1

Yi ln(π̂i) + (1− Yi) ln(1− π̂i)

AIC = 2p − 2 ln(L)
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Hypothesis Testing

Consider the logistic regression model

P(Yi = 1) =
1

1 + e−gi
, where

gi = Xiβ.

Let V0 ≤ V ≤ Rp, and consider the testing problem

H0 : β ∈ V0 vs. H : β ∈ V .

The test statistic is G = D0 − D, where D0 and D are the
deviances under H0 and H, respectively.
Under H0, the approximate distribution of G is chi-square with
dim(V )− dim(V0) degrees of freedom, so

reject H0 if G > χ2
α(dim(V )− dim(V0)).
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Variable Selection

Manually

Stepwise

Best subsets
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Assessing Model Performance and Fit

Classification Accuracy

Area under ROC Curve

Hosmer-Lemeshow Goodness-of-fit Test
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Hosmer-Lemeshow Goodness-of-fit Test

This test is used to test the null hypothesis that a logistic
regression model adequately fits the data.

Divide the data into 10 deciles based on the value of π̂.
For k = 1, . . . ,10, define the following

I nk = number of objects (rows of data) in the k th decile
I π̂k = average value of π̂ for objects in the k th decile
I ok = number of objects in the k th decile with Y = 1

The Hosmer-Lemeshow test statistic is

Ĉ =
10∑

k=1

(ok − nk π̂k )
2

nk π̂k (1− π̂k )

Under H0, Ĉ ≈ χ2(8).
Reject H0 if Ĉ > χ2

α(8).
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