Complex Numbersin Rectangular and Polar Form

To represent complex numbexts- yi geometrically, we use the rectangular coordinate system
with the horizontal axis representing the real part and #récal axis representing the imaginary
part of the complex number.

Imaginary axis

+ 2 Real axis

We sketch a vector with initial poin©,0) and terminal poinP(x,y). The lengthr of the vector
is theabsolute value or modulus of the complex number and the anglevith the positivex-axis
is the is called thelirection angle or argument of x + yi.
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Conversions between rectangular and polar form followsé#ree rules as it does for vectors.
Rectangular to Polar
For a complex numbex+ i

X+yi|=r1 = /x2+y?

tanez%,thO



Polar to Rectangular

X = rcosf
y = rsinf
The polar formr(cosf + i sinf) is sometimes abbreviated
rciso
Example
Convert- /3 +i to polar form.
Solution

x = —4J/3 andy = 1 so that

and
tang = —L_ - —ﬁ
-3 3
Here the reference angle and tbois 30 °. Since the complex number is in QII, we have
6 =180°-30°
0 = 150°
So that- /3 +i = 2¢is150°. In radian mode, we have
~J3+i= ZCiS%

Here’s what the conversion looks like using tMeth/Complex menu on the TI1-83/84 (degree
mode)
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Example
In the case that = 0 ory = 0, the conversions to polar form lead to quadrant angles.
—8i = 8cis270°
-5=>5c¢is180°
Example

Converting polar to rectangular form is straightforward.
4cis240° = 4cos240°+isin240°

-3 (-F)
=-2-2i/3

Note that the follows an integer or fraction but precedes a radical, awhitten rule” of
mathematical writing style.



War ning: doing this conversion on the calculator requiradian mode argument and the
radicals, of course, give decimal numbers.
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Product and Quotient Theorems
The advantage of polar form is that multiplication and duisare easier to accomplish.
Product Theorem
(ricisf1)(racisfz) = riracis(61 + 02)

Quotient Theorem
(racisf1) _ ry
(racisf) T2
Notice that the angl@ behaves in a manner analogous to that of the logarithms dipte and
quotients.
Example
Find (2cis459(3cis 1359 and convert the answer to rectangular form.
Solution

CiS(Ql —62)

(2cis459(3cis1359 = 2 - 3cig45° + 135°)

= 6¢is180°
In rectangular form, this answer4%.
Example
. 10cig—-60°)

Find 50ig1509 and convert the answer to rectangular form.

Solution
10¢ig—60°) 10 .oy pno o
501509 ~ 5 CX(7607-1509

2cig-210°)
Converting the polar result gives
2¢ig-210°) = 2(cog-210°) +isin(-210°)
= 2(c0g210°) —isin(210°))
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The advantage of using polar form will become even more prooed when we calculate
powers and roots of complex numbers using DeMoivre’s Thaore



